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Some solutions for one of the cosmological constant problems
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We propose several covariant models which may solve one of the problems in the cosmological
constant. One of the model can be regarded as an extension of sequestering model. Other mod-
els could be regarded as extensions of the covariant formulation of the unimodular gravity. The
contributions to the vacuum energy from the quantum corrections from the matters are absorbed
into a redefinition of a scalar field and the quantum corrections become irrelevant to the dynamics.
In a class of the extended unimodular gravity models, we also consider models which are regarded
as topological field theories. The models can be extended and not only the vacuum energy but
any quantum corrections to the gravitational action could become irrelevant for the dynamics. We
find, however, that the BRS symmetry in the topological field theories is broken spontaneously and
therefore the models might not be consistent.
PACS numbers: 95.36.+x, 11.90.+t, 11.10.Ef
I. INTRODUCTION
Now we believe that the present universe is acceleratedly expanding and the expansion is generated by the energy
density called as dark energy, which might be a small cosmological constant. If the dark energy is surely a cosmological
constant, there should be several problems called the fine-tuning problem or coincidence problem, whose definitions
could not have been unified and different by authors.
One problem is that if the dark energy is described by the cosmological constant Λ, the scale of Λ is extremely
small when we compare it with the Planck scale MPlanck, which is a typical scale of the gravity,
Λ1/4 ∼ 10−3 eV≪MPlanck ∼ 1/κ ∼ 1019GeV = 1028 eV . (1)
Here κ is the gravitational constant. Another problem might be called as an anthropic principle problem. The energy
density corresponding to the dark energy is very small but is not so changed from the energy density of the present
matter including the dark matter. If the dark energy is given by the cosmologicalonstant, this is very accidental and
unnatural, that is, why the constant knows the energy density of the present universe? The above problems might be
solved by considering the dynamical model of the dark energy.
The last problem is rather old and related with the quantum correction. We know that in the quantum field theory,
the quantum corrections from the matter to the energy density, which is called the vacuum energy ρvacuum, diverge
and we need the cutoff scale Λcutoff , which might be the Planck scale, to regularize the divergence:
ρvacuum =
1
(2π)
3
∫
d3k
1
2
√
k2 +m2 ∼ Λ4cutoff , (2)
which could be much larger than the observed value
(
10−3 eV
)4
of the energy density in the universe. Even if
the supersymmetry is restored in the high energy, the vacuum energy by the quantum corrections is given by ∼
Λ2cutoffΛ
2
✘
✘SUSY. Here Λ✘✘SUSY is the scale of the supersymmetry breaking. In fact, we find
ρvacuum =
1
(2π)
3
∫
d3k
1
2
(√
k2 +m2boson −
√
k2 +m2fermion
)
∼ Λ2cutoffΛ2✘✘SUSY . (3)
Here we have assumed the scale of the supersymmetry breaking is given by the difference between the masses of boson
and fermion: Λ2
✘
✘SUSY = m
2
boson −m2fermion and we also assume Λ✘✘SUSY ≪ Λcutoff . Anyway the vacuum energy coming
from the quantum corrections is very large and if we use the counter term in order to obtain the very small vacuum
energy
(
10−3 eV
)4
, we need very very fine-tuning and extremely unnatural. This problem may tell that we could not
understand quantum gravity.
In this paper, we mainly consider the last problem only, that is, why the large quantum correction to the vacuum
energy can be irrelevant to the dynamic, e.g., the evolution of the universe, and we do not discuss why the vaccum
energy is so small but does not vanish. About the topics, see [1] for example. Several scenarios to solve the above
problem have been proposed. Recently an interesting mechanism called “sequestering” has been proposed [2–4]. In
the next section, we briefly review the mechanism and propose an extension by using the Gauss-Bonnet invariant.
2Much older than the sequestering models, in order to solve the problem of the cosmological constant, the models called
unimodular gravity have been studied [5, 6, 8–31]. In Section III, motivated with the unimodular gravity, we propose
models, where the contributions to the vacuum energy from the quantum corrections are absorbed into a redefinition
of one of scalar fields and the contributions become irrelevant to the dynamics, e.g., the evolution of the universe.
The simplest model in this class can be regarded as atopological filed theory with BRS symmetry. In Section IV, we
investigate the poperties of the toplogical model. We find that the BRS symmetry in the topological field theories
is broken spontaneously and therefore we may not be able to impose the physical state condition and therefore the
models might not be consistent although the model has some interesting properties. The last section is devoted to
the discussion and summary.
II. SEQUESTERING MODEL AND AN EXTENSION
Recently an interesting mechanism to make the magnitude of the vacuum energy much smaller and consistent with
the observation was proposed [2–4]. In the first paper [2], the proposed action has the following form:
S =
∫
d4x
√−g
{
R
2κ2
− Λ + e2σLmatter (eσgµν , ϕ)
}
− F
(
Λe−2σ
µ4
)
. (4)
Here F is an adequate function and µ is a parameter with the dimension of mass, Lmatter is the Lagrangian density
of matters. We should note that Λ and ϕ are dynamical variables which do not depend on the coordinate. In [2], e
σ
2
and F are denoted by λ and σ.
The variation of Λ gives
µ4F ′
(
µ4Λe−2σ
)
= −e2σ
∫
d4x
√−g . (5)
On the other hand, by the variation of σ, we obtain
∫
d4x
√−ge−σgµνT (eσgµν , ϕ)µν = −4µ4Λe−2σF ′
(
Λe−2σ
)
. (6)
Here T (eσgµν , ϕ)µν is the energy-momentum tensor coming from the matters including the quantum corrections. By
combining (5) and (6), we find
〈
e−σgµνT (eσgµν , ϕ)µν
〉
= 4Λ . (7)
Here
〈
e−σgµνT (eσgµν , ϕ)µν
〉
expresses the average of e−σgµνT (eσgµν , ϕ)µν with respect to the space-time,
〈
e−σgρσT (eσgµν , ϕ)ρσ
〉
≡
∫
d4x
√−ge−σgµνT (eσgµν , ϕ)µν∫
d4x
√−g . (8)
The variation of the metric gives
0 = − 1
2κ2
(
Rµν − 1
2
Rgµν
)
− 1
2
Λgµν +
1
2
T (eσgµν , ϕ)µν . (9)
By using (7), we may rewrite (9) as follows,
0 = − 1
2κ2
(
Rµν − 1
2
Rgµν
)
− 1
8
〈
e−σgρσT (eσgµν , ϕ)ρσ
〉
gµν +
1
2
T (eσgµν , ϕ)µν . (10)
In the combination − 18
〈
e−σgρσT (eσgµν , ϕ)ρσ
〉
gµν +
1
2T (e
σgµν , ϕ)µν , the large quantum correction to the vacuum
energy is canceled.
After [2], several extension of the model have been considered [3, 4]. In [4], instead of the global variables Λ and σ,
4-form field are introduced and the model can be written in a totally local form. Even in the model [4], the constraint
corresponding to (8) is global and there might appear any problem related with the causality.
3Motivated by the papers [2–4], we consider the following action.
S =
∫
d4x
√−g
{
R
2κ2
− Λ(x) + e2σ(x)Lmatter (eσgµν , ϕ)− f
(
µ4Λ(x)e−2σ(x)
)
G
}
. (11)
Here f is a function which may be determined later. We should note that now Λ(x) and σ(x) are not global variables
but dynamical variables. Instead of the 4-form field in [4], we introduce the Gauss-Bonnet invariant G defined by
G ≡ R2 − 4RµνRµν +RµνρσRµνρσ . (12)
The Gauss-Bonnet invariant G, of course, depend on the metric gµν but because G is a total derivative, when Λ(x)e−2σ
is a constant, the term including G does not contribute to the equation given by the variation of the metric.
The variation of Λ gives
µ4f ′
(
µ4Λ(x)e−2σ
)G = −e2σ . (13)
On the other hand, by the variation of σ, we obtain
e−σgµνT (eσgµν , ϕ)µν = −4µ4Λ(x)e−2σf ′
(
Λ(x)e−2σ
)G . (14)
Here T (eσgµν , ϕ)µν is the energy-momentum tensor coming from the matters including the quantum corrections. By
combining (13) and (14), we find
e−σgµνT (eσgµν , ϕ)µν = 4Λ(x) . (15)
The variation of the metric gives
0 =− 1
2κ2
(
Rµν − 1
2
Rgµν
)
− 1
2
Λ(x)gµν +
1
2
T (eσgµν , ϕ)µν − 2
[∇µ∇ν (f (µ4Λ(x)e−2σ))]R
+ 4
[∇µ∇ρ (f (µ4Λ(x)e−2σ))]R ρν + 4 [∇ν∇ρ (f (µ4Λ(x)e−2σ))]R ρµ
− [∇ρ∇ρ (f (µ4Λ(x)e−2σ))] (4Rµν − 2Rgµν)− 4 [∇ρ∇σ (f (µ4Λ(x)e−2σ))] (Rρσgµν −R ρ σµ ν ) . (16)
By defining Φ(x) ≡ f (µ4Λ(x)e−2σ) and by using (15), we may rewrite (17) as follows,
0 =− 1
2κ2
(
Rµν − 1
2
Rgµν
)
− 1
8
e−σgρσT (eσgµν , ϕ)ρσ gµν +
1
2
T (eσgµν , ϕ)µν − 2 [∇µ∇νΦ(x)]R
+ 4 [∇µ∇ρΦ]R ρν + 4 [∇ν∇ρΦ]R ρµ − [∇ρ∇ρΦ] (4Rµν − 2Rgµν)− 4 [∇ρ∇σΦ]
(
Rρσgµν −R ρ σµ ν
)
. (17)
In the combination − 18e−σgρσT (eσgµν , ϕ)ρσ gµν+ 12T (eσgµν , ϕ)µν , the large quantum correction to the vacuum energy
is canceled locally. We may now estimate the magnitude of the Gauss-Bonnet term. We now assume the function
f(x) ∝ xα with a constant α. By assuming that the cut off scale is given by the Planck scale, we find
e−σgµνT (eσgµν , ϕ)µν = 4Λ(x) ∼ µ−4 ∼
(
1028 eV
)4
. (18)
Here we have assumed the scale of µ is that of the Planck scale, µ ∼ 1028 eV. In the present universe, we find
G ∼ (10−33 eV)4. Then by using (13), we obtain
f
(
µ4Λ(x)e−2σ
) ∼ e−2ασ ∼ 10244 , (19)
which does not depend on α and very large. In the physical frame where the metric is given by gphysµν ≡ eσgµν , however,
we find ∫
d4x
√−gf
(
µ4Λ(x)e−2σ(x)
)
G =
∫
d4x
√
−gphyse−2σf
(
µ4Λ(x)e−2σ(x)
) (Gphys + · · · ) . (20)
Here Gphys is the Gauss-Bonnet invariant given by gphysµν and “· · · ” expresses the terms including the derivatives of σ.
Then we find
e−2σf
(
µ4Λ(x)e−2σ(x)
)
= e244(1+
1
α ) . (21)
Then if choose that α to be negative and the absolute value of α to be small, e−2σf
(
µ4Λ(x)e−2σ(x)
)
can be arbitrarily
small and the terms from the Gauss-Bonnet term in (17) can be negligible. On the other hand if we tune the parameter
α, the Gauss-Bonnet term may explain the accelerating expansion of the present universe.
4III. GENERALIZATION OF UNIMODULAR GRAVITY
Models older than the sequestering models in the last section, which is called unimodular gravity, have also properties
similar to the sequestering models [5, 6, 8–31].1 The model in this section can be regarded as an extension of the
unimodular gravity in the covariant formulation [7, 8] but the model in this section is more general.
In the unimodular gravity, the determinant of the metric is constrained to be unity,
√−g = 1 , (22)
which is called a unimodular constraint. In the Lagrangian formalism, the constraint can be realized by using the
Lagrange multiplier field λ (see [7, 8], for example) as follows:
S =
∫
d4x
{√−g (Lgravity − λ) + λ}+ Smatter . (23)
Here Smatter is the action of matters and Lgravity is the Lagrangian density of arbitrary gravity models. By the
variation of λ, we obtain the unimodular constraint (22). We may divide the gravity Lagrangian density Lgravity into
the sum of the cosmological constant Λ and other part L(0)gravity as follows:
Lgravity = L(0)gravity − Λ . (24)
We may also redefine the Lagrange multiplier field λ by λ→ λ− Λ. Then the action (23) can be rewritten as
S =
∫
d4x
{√−g (L(0)gravity − λ
)
+ λ
}
+ Smatter + Λ
∫
d4x . (25)
Because the last term Λ
∫
d4x does not depend on any dynamical variable, we may drop the last term. Therefore the
obtained action (25) does not include the cosmological constant. This tells that the cosmological constant Λ does not
affect the dynamics even in the action (24). We should note that the cosmological constant may include the large
quantum corrections from matters to the vacuum energy. Because the cosmological constant Λ does not affect the
dynamics, the large quantum corrections can be tuned to vanish.
Due to the unimodular constraint (22), the unimodular gravity does not have full covariance. The covariant
formulation of the unimodular Einstein gravity has been proposed in [7, 8], where the action is given by
S =
∫
d4x
{√−g (Lgravity − λ) + λǫµνρσ∂µaνρσ}+ Smatter (gµν ,Ψ) . (26)
Here aνρσ is the three-form field. The variation over aνρσ gives the equation 0 = ∂µλ, that is, λ is a constant. On the
other hand, the variation over λ gives
√−g = ǫµνρσ∂µaνρσ , (27)
instead of the unimodular constraint (22). Because Eq. (27) can be solved with respect to aµνρ, there is no constraint
on the metric gµν . If we divide the gravity Lagrangian density Lgravity into the sum of the cosmological constant Λ
and other part L(0)gravity as in (24) and redefining the Lagrange multiplier field λ by λ → λ − Λ, we can rewrite the
action (29) as follows,
S =
∫
d4x
{√−g (L(0)gravity − λ
)
+ λǫµνρσ∂µaνρσ
}
+ Λ
∫
d4xǫµνρσ∂µaνρσ + Smatter (gµν ,Ψ) . (28)
Because the term
∫
d4xǫµνρσ∂µaνρσ is a total derivative, the term does not give any dynamical contribution and can
be droped. Then the obtained action does not include the cosmological constant, which tells that the cosmological
constant does not contribute to any dynamics.
We may generalize the covariant formulation in the unimodular gravity and we now propose the following model,
S =
∫
d4x
√−g
{
Lgravity − λ
(
1− 1
µ4
∇µJµ
)}
+ Smatter . (29)
1 There are several other scenario to solve the cosmological constant problems,e.g., [32–35].
5Here Jµ is a general vector quantity, and ∇µ is a covariant derivative with respect to the vector field. Then by dividing
the gravity Lagrangian density Lgravity into the sum of the cosmological constant Λ and other part L(0)gravity as in (24)
and redefining the Lagrange multiplier field λ by λ→ λ− Λ, again, we can rewrite the action (29) as follows,
S =
∫
d4x
√−g
{
L(0)gravity − λ
(
1− 1
µ4
∇µJµ
)}
+ Smatter − Λ
µ4
∫
d4x
√−g∇µJµ . (30)
Because the integrand in the last term is total derivative, again, we may drop the last term. We may consider the
following action instead of (29),
S =
∫
d4x
√−g
{
Lgravity − λ− 1
µ4
∇µλJµ
}
+ Smatter . (31)
The difference of the action (31) from (29) is the total derivative but by the redefinition of the Lagrange multiplier
field λ by λ→ λ− Λ, there does not appear the total derivative term but the cosmological constant Λ can be locally
absorbed.
We may choose ∇µJµ to be a topological invariant like the Gauss-Bonnet invariant G in (12), I ≡ 14! ǫµνρσFµνFρσ
for abelian gauge theory, or instanton density I ≡ 14! ǫµνρσtrFµνFρσ for non-abelian abelian gauge theory.
There are several variations in the action (29) by the choice of Jµ. For example, instead of the topological invariants,
we may include a complex scalar field φ and consider the following action,
S =
∫
d4x
√−g
{
Lgravity − 2
∂ µ
φ∗∂µφ− λ
(
1− i
µ4
∇µ (φ∗∂µφ− (∂µφ∗)φ)
)}
+ Smatter . (32)
More simple model which may be regarded with a toplogical field theory is given in next section.
We may further propose a new class of models, which may also solve the problem of the vacuum energy and the
action is given by
S =
∫
d4x
√−g {Lgravity − λ+ Lλ (∂µ, ∂µλ, ϕi)}+ Smatter , (33)
where Lλ (∂µ, ∂µλ, ϕi) is the Lagrangian density including the derivatives of λ and other fields ϕi, but not including
λ without derivative. Hence, if we divide the Lagrangian density Lgravity into the sum of the cosmological constant
Λ and other part L(0)gravity, the cosmological constant can be absorbed into the redefinition of the Lagrange multiplier
field λ, λ→ λ− Λ. The Lagrangian density Lλ (∂µ, ∂µλ, ϕi) can be that of the massless scalar field,
Lλ (∂µ, ∂µλ, ϕi) = −1
2
gµν∂µλ∂νλ , (34)
or that of the k-essence [45–48],
Lλ (∂µ, ∂µλ, ϕi) = L
(
−1
2
gµν∂µλ∂νλ
)
. (35)
Here L (− 12gµν∂µλ∂νλ) is a general function of − 12gµν∂µλ∂νλ. Furthermore the Lagrangian density can be that of
the Galileon model [49]. Then these models can describe more realistic and complex evolutions of the universe.
IV. TOPOLOGICAL MODEL
In a class of models in (29), we may aconsider a simpler, maybe simplest, model by using a real scalar field ϕ as
follows:2
S =
∫
d4x
√−g
{
Lgravity − λ
(
1 +
1
µ3
∇µ∂µϕ
)}
+ Smatter
2 This action itself has appeared in [37] for other purpose. As we discuss, the model in (36) includes ghost and therefore the model is
inconsistent but we propose a new model (39) in order to avoid the problem of the ghost.
6=
∫
d4x
√−g
{
Lgravity − λ+ 1
µ3
∂µλ∂
µϕ
}
+ Smatter . (36)
The term 1µ3 ∂µλ∂
µϕ in the action (36) tells that this model may include a ghost. In fact if we redefine the scalar
fields ϕ and λ as follows,
ϕ =
1√
2
(η + ξ) , λ =
µ3√
2
(η − ξ) , (37)
the action can be rewritten as
S =
∫
d4x
√−g
{
Lgravity − 1
2
∂µξ∂
µξ +
1
2
∂µη∂
µη +
µ3√
2
(η − ξ)
}
+ Smatter . (38)
The kinetic term of η tells that the scalar field η generates the negative norm state and therefore η is a ghost. This
problem of the ghost may be avoided by introducing the fermionic (Grassmann odd) ghosts b and c,
S′ =
∫
d4x
√−g
{
Lgravity − λ+ 1
µ3
∂µλ∂
µϕ− ∂µb∂µc
}
+ Smatter . (39)
The action is invariant under the BRS transformation [38],
δλ = δc = 0 , δϕ = ǫc , δb =
1
µ3
ǫλ . (40)
Here ǫ is a fermionic parameter. Then by defining the physical states as the states invariant under the BRS trans-
formation, the negative norm states could be removed as in the gauge theory [39, 40]. If we assign the ghost number
1 for c and −1 for b and ǫ, the ghost number is also conserved. We can identify λ, ϕ, b, and c with a quartet in
Kugo-Ojima’s quartet mechanism in the gauge theory [39, 40].
In the action (40) the Lagrangian density,
L = −λ+ 1
µ3
∂µλ∂
µϕ− ∂µb∂µc , (41)
can be regarded as the Lagrangian density of a topological field theory [36], where the Lagrangian density is BRS
exact, that is, given by the BRS transformation of some quantity. We start with the field theory of ϕ but the
Lagrangian density vanishes Lϕ = 0. Because the Lagrangian density vanishes, under any transformation of ϕ, the
Lagrangian density is trivially invariant. Then this theory can be regarded as a gauge theory. In order to fix the
gauge, we impose the following gauge condition,
1 +
1
µ3
∇µ∂µϕ = 0 . (42)
Then the gauge-fixing Lagrangian [41] is given by the BRS transformation (40) of −b
(
1 + 1µ3∇µ∂µϕ
)
. In fact, we
find
δ
(
−b
(
1 +
1
µ3
∇µ∂µϕ
))
= ǫ
(
−λ
(
1 +
1
µ3
∇µ∂µϕ
)
+ b∇µ∂µc
)
= ǫ (L+ (total derivative terms)) . (43)
Therefore the Lagrangian density (41) is surely BRS exact up to total derivative and the theory described by the
Lagrangian density could a toplogical field theory.
Eq. (40) tells that λ corresponds to the Nakanishi-Lautrup field [42–44] and as we find from Eq. (40), λ is BRS
exact, which tells that the vacuum expectation value of λ should vanish. If the vacuum expectation value of λ does
not vanish, the BRS symmetry is spontaneously broken and we may not be able to consistently impose the physical
state condition. This might be true only for the oscillating mode but the zero-mode could not always need to vanish.
In the formulation by using the Nakanishi-Lautrup field, the physical states are the states annihilated by the positive
frequency part of the Nakanishi-Lautrup field, which does not include the zero frequency or non-oscillating mode. On
the other hand, the BRS charge QBRS corresponding to the BRS transformation (40) is given by
QBRS =
1
µ3
∫
d3x
√−g (∂0λc− λ∂0c) . (44)
7Because λ and c satisify the equations ∇µ∂µλ = ∇µ∂µc = 0, if λ and c are constant, we may obtain ∂0λ = ∂c = 0 if
we impose boundary or initial conditions where λ and c are finite in the infinite future or past. If it could be true,
the BRS charge QBRS does not include the constant mode of λ nor c and therefore QBRS anti-commutes with the
constant mode of b and the constant mode of λ could not be BRS exact and could be able to have non-vanishing
expectation value in the vacuum.
We should also note that the action (39) is also invariant under the following deformation of the BRS transformation
(40),
δλ = δc = 0 , δϕ = ǫc , δb =
1
µ3
ǫ (λ+ λ0) . (45)
Here λ0 is an arbitrary constant. Although it might not be natural, if we can choose λ0 to be the cosmological constant
Λ as λ0 = Λ, the quantity λ + Λ becomes BRS exact and the expectation value by any physical states vanishes and
therefore λ exactly cancells the cosmological constant Λ.
We have considered the quantum corrections to the vacuum energy coming from the quantum corrections of matter.
We should note, however, that the vacuum energy is not only the quantum corrections but by the quantum corrections
from the matter, the following terms are generated,
Lqc = αR + βR2 + γRµνRµν + δRµνρσRµνρσ . (46)
Here the coefficient α diverges quadrutically and β, γ, and δ diverge logarithmically without the cut-off scale. Then
a generation of the (41) is given by
L =− Λ − λ(Λ) +
(
α+ λ(α)
)
R +
(
β + λ(β)
)
R2 +
(
γ + λ(γ)
)
RµνR
µν +
(
δ + λ(δ)
)
RµνρσR
µνρσ
+
1
µ3
∂µλ(Λ)∂
µϕ(Λ) − ∂µb(Λ)∂µc(Λ) +
1
µ
∂µλ(α)∂
µϕ(α) − ∂µb(α)∂µc(α)
+ µ∂µλ(β)∂
µϕ(β) − ∂µb(β)∂µc(β) + µ∂µλ(γ)∂µϕ(γ) − ∂µb(γ)∂µc(γ) + µ∂µλ(δ)∂µϕ(δ) − ∂µb(δ)∂µc(δ) . (47)
The coefficients Λ, α, β, γ, and δ may include the divergences due to the quantum corrections from the matters but
if we consider the redefinitions of the parameters, λ(0), λ(α), λ(β), λ(γ), and λ(δ) by
λ(Λ) → λ(λ) − Λ , λ(α) → λ(α) − α , λ(β) → λ(β) − β , λ(γ) → λ(γ) − γ , λ(δ) → λ(δ) − δ , (48)
the Lagrangian density (47) can be rewritten as
L =− λ(Λ) + λ(α)R + λ(β)R2 + λ(γ)RµνRµν + λ(δ)RµνρσRµνρσ
+
1
µ3
∂µλ(Λ)∂
µϕ(Λ) − ∂µb(Λ)∂µc(Λ) +
1
µ
∂µλ(α)∂
µϕ(α) − ∂µb(α)∂µc(α)
+ µ∂µλ(β)∂
µϕ(β) − ∂µb(β)∂µc(β) + µ∂µλ(γ)∂µϕ(γ) − ∂µb(γ)∂µc(γ) + µ∂µλ(δ)∂µϕ(δ) − ∂µb(δ)∂µc(δ) . (49)
Then the divergences can be absorbed into the redefinition of λ(i), (i = Λ, α, β, γ, δ) and therefore the divergences
might become irrelevant for the dynamics. The Lagrangian density (49) is invariant under the BRS transformation
δλ(i) = δc(i) = 0 , δϕ(i)i = ǫc , δb(i) =
1
µk
ǫλ(i) , (i = Λ, α, β, γ, δ) , (50)
and k = 3 for i = Λ, k = 1 for i = α, and k = −1 for i = β, γ, δ. The Lagrangian density (49) is also BRS exact,
δ

 ∑
i=0,α,β,γ,δ
(
−b(i)
(
1 +
1
µk
∇µ∂µϕ(i)
)) = ǫ (L+ (total derivative terms)) . (51)
If we include the quantum corrections from the graviton, there appear infinite numbers of quantum corrections
which diverge. Letting Oi be possible gravitational operators, a further generalization of the lagrangian density (49)
could be given by
L =
∑
i
(
λ(i)O(i) +
1
µk(i)
∂µλ(i)∂
µϕ(i) − ∂µb(i)∂µc(i)
)
. (52)
In the Lagrangian density (52), all the divergence can be absorbed into the redefinition of λi and become irrelevant
for the dynamics. The Lagrangian density (52) has the BRS invariance and also BRS exact and thereofere the system
described by the Lagrangian density is a topological field theory. In order to determine the values of λ(i), however,
we may need infinite numbers of the initial conditions, which might be physically irrelevant and the predictability of
the theory could be lost. This problem could occur because we have not still understood the quantum gravity but we
might expect that the Lagrangian density (52) might give any clue for the quantum gravity.
8V. SUMMARY
In summary, we have proposed covariant models which may solve one of the problems in the cosmological constant.
One of the moel can be regarded with an extension of the sequestering model. Other modesl can be obtained as an
extension of the unimodular gravity in the covariant formulation. The contributions to the vacuum energy from the
quantum corrections from the matters are absorbed into a redefinition of a scalar field and the quantum corrections
become irrelevant to the dynamics. We have also considered some extensions of this model, and we may construct
models which may describe the realistic evolution of the universe (33). We also investigate the properties of the
topological models which appear as simple models.
In this paper, we have not discussed why the vaccum energy is so small but does not vanish. In the models, the
effective vacuum energy is finite and does not vanish in general. We cannot, however, explain why the vacuum energy
observed in the present universe is so small. In our formulation, the problem of the vacuum energy could be reduced
from the quantum problem to the classical problem, that is, the problem of the initial condition or the boundary
condition. Then if we find a natural initial condition, say by using the modified gravities, the problem of the smallness
in the cosmological constant might be solved.
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